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ABSTRACT.  Let  A"  be a Banach space, Y   a closed subspace of  A*.  One says

X  is Y -reflexive if the canonical imbedding of    X  onto  Y* is an isometry and Y-

pseudo reflexive if it is a linear isomorphism onto.  If X  has a basis and   Y   is

the closed linear span of the corresponding biorthogonal functionals, necessary

and sufficient conditions for   X   to be V-pseudo reflexive are due to I. Singer.   To

every /3-space X  with a decomposition we associate a canonical two-norm space

X     and show that the properties of  X   , in particular its   y-completion, may be

exploited to give different proofs of Singer's results and, in particular, to extend

them to ß-spaces with decompositions.   This technique is then applied to a study

of direct sum of B-spaces with respect to a   RK   space.   Necessary and sufficient

conditions for such a space to be reflexive are obtained.

1.0   Introduction.  Given a Banach space (B-space for short)  ÍX, \\f with a

Schauder decomposition  JX   i, a two-norm space  X  , called the canonical two-norm

space of X, was introduced in [lO] and the properties of X  were then studied by

investigating the properties of X  .  The aim of this paper is to continue these in-

vestigations and, in particular, study the so-called pseudo reflexivity of  X  with

respect to A(X ), the y-linear functionals on  X   .  Some of our results generalize

those of Singer 19] to the setting of Schauder decompositions providing, at the same

time, a slightly different method of proof of these results.

The basic topic of our discussion is the notion of y-completion of the canoni-

cal two-norm space.  A canonical two-norm space may be defined whenever  X  is

the direct sum of subspaces for a metric topology, not necessarily the norm topol-

ogy.   In  §§5—7, we study spaces  X = B-S    X     of sequences   |x   i where  x    be-

longs to a B-space  X     such that  íj|x   || i  is an element of a given   BK space   B  of

real sequences.  We extend the notions of boundedly complete and shrinking decom-

positions to this setting and obtain analogues of some of the results in Schauder

decomposition theory (cf. [lO]).
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2.0   Notations and preliminaries.   A (weak) decomposition  \X . \ fot a B-space

(X, |  | )  isa collection  ÍX . | of nontrivial subspaces of X such that to each x  in

X, there corresponds a unique sequence   \x A,  x. in  X ., and  x = S . x ,  in the norm

(respectively weak) topology of  X.  It is called a Schauder decomposition of  X,  if

for each   z the projection map P.: X—► X., defined by   P(x) = x ., is continuous.   The
; i '     i i

decomposition  \X A is called boundedly complete if every sequence  \x . \, x. in

X . , with the property

sup' Z xk
k = l

<   °0

defines an element of X, that is, S.x. converges.  The decomposition JX .

called shrinking for f in  X*  if   |/|* —► 0  as   72 —► <*>, where

|/(x)|: |x| <l,xe Z XS.I* = sup<|.

7>«      ;

In this paper all decompositions are assumed to be monotone, that is, ¡Z, x, | <

¡S x, I for all 72. The reader will later observe that the proofs of analogues of our

theorems to the nonmonotone case present no difficulties.

A two-norm space  X    = (X, | L, | |   )  is a linear set  X  with two norms   | |.

and   I L.   In general, the second norm   | L   is an F-norm although, in most cases of

interest, it is the usual (homogeneous) norm.  In this paper, all two-norm spaces

considered are such that  (X, | ¡,)  is a Banach space and  (X, | |2)  is a normed

linear space.  An exception occurs in §4 where the second norm is a B^-norm.  We

recall that a B*-norm   | ¡2   on  X  is such that

i*i2-£-2-*iuy(i + [*vi,
k

[ ],   being homogeneous pseudo norms such that  [x], = 0  for all  k implies  x = 0.

A sequence   \x   \ C X     is said to be y-convergent to  x  in  X, written  x    —» x, if

i|x   Li  is bounded and  x    —► x  in   | L.   A y-Cauchy sequence is defined analogously

and X     is called  y-complete if it is sequentially complete for the convergence (y).

The space  X     is called normal if

x   -> x => |x| , < lim inf |x  I ,.
77 '     ' 1  — '     771   1

72

A y-linear functional on  X     is a linear functional which is continuous for the con-

vergence  (y).  The set of all y-linear functionals on  X     will be denoted by A(X  ).

We shall say that the space   X     satisfies property (nA if   ) L   is coarser than

II,, that is, every sequence that converges to  0  in   | | l  does so in   | |2   as well.

Let  (X*, I I*) = (X, I I .)*,  /'=1,2.  For a normal two-norm space satisfying

fon), it is known that
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X* C AÍXs) C X*,

AÍX )  is a closed subspace of  X*  and that AÍX   )  is the closure of X*  in  (X*,
.? r 1 s 2 1

! |i).  Further, AÍX  )  is norm determining, that is,

¡x|ia.sup.|/U)|:/eA(X,)|.

The space X^ is called y-reflexive if ÍAÍXf, \ \*)* = ÍAÍXf*, | |**) is isometri-

cally isomorphic to ÍX, | |.) under the canonical map /, where for x in X, J(x)f =

fix) tot all / in A(Xf.  Whenever A(X f = X*,  Xs  is called saturated.

Let  \X . i be a decomposition for the ß-space (X, | |.).   The canonical two-

norm space  X     of  X  is the two-norm space   (X, | |., | L), where for x = 2.. x. in X,

The norm   | |?   is called the canonical second norm.  We shall continue to use the

symbol  X*  for  (X, | |, )* and X*  for (X, | |2)*.  The reader should not confuse

these symbols for the duals of the subspaces   X     and  X-.   respectively.   This con-

fusion can be easily avoided if he remembers that the duals of the subspaces them-

selves are nowhere considered in this paper.

The basic properties of the canonical two-norm space may be found in [10J.

However, for the convenience of the reader, we recall the following notions and

notations that are necessary for an understanding of the present paper.

Let  (X, | |.)  be a B-space with Schauder decomposition  J.V . i,   P. the contin-

uous projection of X  onto  X . and let  X    be the canonical two-norm space.   Then

A(X  ) has the Schauder decomposition  <P*(X*)S,   To simplify notation, we shall

often write  AÍX  ). fot  P*(X*).  The canonical two-norm space of AÍX  ) will be
s  ; 7        1 r zr

referred to as the k-dual of X    and will be denoted by  k-X  .  The Schauder decom-
s J s

position of Aik-X  ) will be denoted bv  lA(ze-X   ). S and the canonical two-norm
s s   1

space A(ze-X ) of Aik-X ) by k -X . When [X. Î is monotone, the canonical map

/ is an isometry (with respect to both norms) of X into k -X . When this map is

also onto, one says X is k-reflexive. Finally, we use the symbol i to indicate

convergence in the weak-* topology of a given dual space.

3.0 The y-completion ol  X   .   Let  (X, | |.) be a B-space with Schauder decom-

position  SX . S  and canonical two-norm space  X   .   As a consequence of 110, Theorem

3.6], it follows that  X     may not, in general, be y-complete.  We shall now show-

that  X     may be imbedded isometrically isomorphically into a y-complete, normal

two-norm space   C(X)     such that  X     is y-dense in   CÍX)  .

Theorem 3.1. The sets

\]ix.)\ sup Z /K-
;<T2

<  oo\
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!/(*■)! : Z /(* )  converges in a{A{X^ AiX)Y

Proof.  Consider  !/(x.)!CA(X  )* such that  sup   IS.      fix .)|ï * is finite.
J        l s 2-ni       j^n  J        7     ' 1

Since  A(X  )  is the norm-closure of the set    (J,  P*(X* )  in  X*  [2, p. 277], and

|2        /(xt^ converges pointwise on    [J,  Pf(X*), it follows by the Banach-Stein-

haus theorem that  2,  fix A)  converges as desired.

Conversely the convergence of  2    fix A  implies, by the Uniform Boundedness

Principle, that   sup   | 2.      /(x;)|* * is finite and the proof is complete.

Let    C(X)  =  ll/fo.)]:    1* fix A   converges   in    crfo(X  )*,   AÍX  ))\.    As   a
1 1   '      1 b s s

consequence of Theorem 3.1, we may equip  C(X) with the norm   | |** defined by

\jix¡)\ 1
sup Z/fo

and a canonical second norm ¡i** defined by

H/fo,.)!ir
_   fix) **

z —— = z
T   2'    ¿r

Vi

2'

Theorem 3.2.   Le/  C(X)s = (C(X), | |* *, | |**).   Then  C{X)s  is y-complete,

normal and the map  i defined for x = 2 . x .  z'tz  X  by   z'fo) = |/(x A\ ¿s a linear iso-

morphism of X   into C{X).  Further, i  is an isometry with respect to both norms and

iiX  )  is y-dense in  C(X)  .
s ' s

Proof.   Let  \p A denote the sequence of projections associated with the Schauder

decomposition of A(X  ).  By [10, Theorem 6.2]  this decomposition is monotone so

that the decomposition constant   /C   of AÍX  )  is   1.  Hence for any  F = 2,  p, (p)

in A{X )*,

(A) > sup z p;<f)

The reverse inequality being trivial, we obtain equality in (A).  Let now  ¡F } be

W*„    ¿)S'     Xr,    k     eX2,-Then     SUPJF*
" 77 ,k

a y-Cauchy sequence in   C(X)     where   I
/ 2T 5 n J      n,k

= K < °o  and   \]{x    A) - ]{x     A>\\* —' 0  as   tt, ttz —► °°,  k = 1, 2, • • -.  Since  JÍX A

is complete, there exists y ,   in  X,   such that ]{x    A —► ]iyA),  k = 1, 2, • • ■ .   Let

/  £ A{X  ) with   l/l* = 1.  For any arbitrary but fixed  m,

Z /fo.V= lim Z /<*«.*)/

< lim Z   /<^,V
Ze<m

< lim inf| F < /(
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so that, by Theorem 3.1, î/(y, )Í £ CÍX).  Hence  C(X)    is y-complete and this proof

may also be used to show that it is normal.

The map  i is obviously well defined.  It is   1-1   since  lX . i is a Schauder de-

composition of X.  That it is an isometry with respect to   | |.   and   | L   is a conse-

quence of the normality of X    and the fact that  Z    x    = x  in  X whenever

Sfe Jixf) = Jix)  in  A(Xs)* and conversely.

Finally for  \jixf\ £ C(X),  2¿<n jixf £ AX) and  [2fc<n jix f)\ ^ i/(xfe)}.

Hence   z'(X  )  is y-dense in  C(X)    and the proof is complete.

We note that if  ÍX. S is nonmonotone, i reduces to a linear isomorphism with

respect to both norms.

As an illustration of this last theorem, observe that the unit vectors  je   ¡,
72

e    = \8    . ¡, form a nonboundedly complete basis for  c.   so that  c.     is not y-com-
T2 72,7 U VS

plete.  Its completion is  ttz    = im, sup   \a  \, £ \a  |/2").  Here, however, m = I* =

Aicn  )*.  We shall soon see that this is a characteristic property of bases in B-

spaces.

We also note that  C(X) is isometrically isomorphic to the set of all sequences

ix   i,  x    £ X  , such that  sup   12,       x, |, < °° with the norm (cf. [9])

= sup 2>*
k&n

Definition 3v3.   Let X  be a B-space with a (monotone) Schauder decomposi-

tion.  The two-norm space  C(X)    of Theorem 3.2 is called the canonical y-comple-

tion of X   .   The space  C(X)   is called the bounded completion of X.

Theorem 3.4.   Let \X A be a (monotone) Schauder decomposition of a B-space

X.  Then  C(X)  is identical with A(X  )* if and only if X     is k-reflexive.

Proof.   Let  / be the identity map on  A(X  )* =  © ~L* Aik-X ). where

SA(£-X  ). i denotes the Schauder decomposition of Aik-X ).  By definition, C(X) =

2* JiX), where   JÍX A C Aik-X ). [10, Theorem 4.4]. Hence /: C(X) —> AÍX )*. We thus
ÍJ       i 7 -s 7

have

/ is onto « ©X*/UU ®Z* A^-X ).

i i

~ j(x.) = Aik-x f,     /=i, 2,.;.,

«/:X    __--^¿2.X'S s

<=> X    is   ze-reflexive

by [10, Theorem 4.7] and this concludes the proof.

Corollary 3.5.   For a B-space X with a basis, X    is y-complete if and only if

it is y-reflexive.
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Proof.   Every y-reflexive space is obviously y-complete.   On the other hand,

the y-completeness of  X     implies the boundedly completeness of the basis for  X.

Hence  X   S C(X) = AiXj* by Theorem 3-4, that is  X^  is y-reflexive.

Corollary 3.6 [9, p. 143].   Let  X  be a B-space which has a basis  \x   \ and

let   y = [y  ]  be the closed linear subspace of XÏ  spanned by the  y   ,  y  (x .) =
J n r ; ,        r J J n      J n      1

8     ..   Then  V*  is isomorphic to the B-space of scalar s

F =

where the norm is defined by

i up Z V

sup 12, hLXl\k k> r

Proof.  This follows from our remarks made earlier and the fact that the y-

completion of X     in this case is   y* = A(X  )*.

Corollary 3.7.   Let  X  be a B-space with a (monotone) shrinking Schauder de-

composition   \X.\.   Then XÎ * is isomorphic (respectively isometrically isomorphic

to) to  C(X)  if and only if each X .  is reflexive.

Proof.   By [10, Corollary 3-5], AÍX  ) = X*  so that  AÍX  )* = X* * and the con-

clusion now follows from Theorem 3.4.

We may remark that if each  X .  is of dimension 1, Corollary 3.7 reduces to a

result of R. C. James (see [9, p. 143]).

Theorem 3.8.   Let  ÍX, | | ,)  be a B-space with a Schauder decomposition  \X . i.

// i  is defined as in Theorem 3-2, then  i(X) = S í/fo •)!: 2 . /(x .)  converges in

A{X )*\.  Further \X .!  is boundedly complete if and only if i  is bijective, that is,

iiX) = C(X).

Proof.   For x = 2.x. in  X,   i(x) = j fix .)!  and  2./fo.)  converges in A{k-X ),11 ' 1 ]   ' 1 & 3-

hence in  A(X  )*.  Conversely, if  \]iy A\ £ C(X)  such that  2. j{y .)  converges,

then  2   jiy A £ [ (J . JÍX A] = JÍX), where  []   denotes closed linear span.  Thus

for some  y   in  X,   /(y) = 2./(y.)  and   iiy) = \Jiy A\.

If \X A is boundedly complete for X, then so is   i/(X.)| for ]{X).  Hence

\j{x)\ £CiX) sup Z /(*,-> y_ fix .) converges

«  !/(x.)S ez(X)~  C(X) = z(X).

The following result was observed in [lO].
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Theorem 3.9. Let \X . \ be a monotone Schauder decomposition for a B-space

X. The canonical two-norm space X is y-reflexive if and only if X is k-reflexive

and y-complete.

Proof.   X     is y-reflexive <=>   /: X—> A(X  )* is   1-1   and onto   <=>  i  is bijective

and  A(X   )* = C(X) <=> X     is zé-reflexive and   iX . i is boundedly complete by

Theorems 3.4 and 3.8.

4.0 Pseudo-retlexivily.   Let  (X, | |.)  be a B-space and   Y  a closed linear sub-

space of  X*    Following Singer [9], we shall say that  X   is Y-pseudo reflexive if

the canonical map  /  from  X  into   V* is a linear isomorphism onto   V*.   If  /   is an

isometry as well, X  will be called Y-reflexive. Singer has shown [9, p. 140] that

a necessary and sufficient condition for X  to be Y-reflexive is that the closed

unit ball  5  of  X  be complete for the topology a(X, Y)  and that   Y be an X-total

subspace of Xf.

Let us observe that given a total, norming and closed linear subspace   Y  of

X* , if there exists a norm   | |,   on  X  such that A(X  ) = Y, then  X  is   Y-reflexive

if and only if X     is y-reflexive.  In general, however, such a norm need not exist.

If  Y  is separable, a suitable second norm may be defined on  X  such that for the

resulting two-norm space  X    we have  A(X  ) = Y  [3. p. 124].   In this case we can

give a different proof of the following theorem of Singer [9, p. 142]:

Theorem.   Let ÍX, | |.)  be a B-space and Y a separable linear subspace of XÎ .

Then X  is Y-reflexive if and only if S, the closed unit ball of X, is sequentially

complete ¡or the topology aiX, Y)  and  Y   is an X-total subspace of XÏ .

Proof.  The necessity is clear and it is also obvious that   Y  must be norming.

On the other hand, to show that these conditions are sufficient, let   |xL =

I    |/(x)|/2"  where  1/ i  is dense in  \f  £ Y: |/|* = 1 i.  Then [3, p. 124], X     is
n    'n        ' JT2 ' u  ' 1 r s

normal, y-precompact and AÍX  ) = Y.  Convergence in   | L  being equivalent to con-

vergence of each of the sequences  !/(•)!,  « = 1, 2, • • • , the sequential complete-

ness of S fot the topology  cr(X, Y)  implies that X     is y-complete.  Hence  X     is

y-compact whence it is y-reflexive [2, §5-2].  Hence  X  is Y-reflexive.

We now investigate the Y-reflexivity of a B-space (X, | |.) with a Schauder

decomposition ÍX. S, where Y = AÍX ) and X is the canonical two-norm space

of X.  The following theorem characterizes the A(X  )-reflexivity of X.

Theorem 4.1.   Let X  be a B-space with a (monotone) Schauder decomposition

¡X. i and let X     be the canonical two-norm space of X.   The following are equiva-

lent:

(1)  X   is  A(X  )-pseudo reflexive (respectively  A(X  )-reflexive).
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(2) X     is y-semi reflexive (respectively y-reflexive).

(3) !X.i  is boundedly complete and X . is reflexive for each  j.

(4) A{X  )* = 1. ]{X  ) = 1. Aik-X  )..
^ i '      i i s ,

(5) \Aik-X  ). I  is shrinking for A{X  )* 227227' X.  is reflexive for each f.

(6) X* * = ]{X) © A{Xs)X, where AÍXst  is the set  ¡F £ X* *: FiAiXj) = 0\.

Proof.   (1) •*»  (2)  by definition, (2)  <=> (3)  by Theorems 3.9, [l0, Theorems 3.6,

4.7].   On the other hand  X     is  y-reflexive   •* AÍX  )* = JÍX) = 2 . }{X . ) C
s ' S ■> 1 '      1    —

2 . Aik-X  ). = Aik-X  ) C A(X )* whence  (2) <=» (4).   Furthermore, (4) <=» AiX  )* =is; s    — s \/\ s

S. Aik-X   ).  and   ]{X A = A{k-X  ). for every   /  and this is equivalent to (5).   Finally,

the equivalence of  (1)  and  (6)  is a special case of the following theorem.

Theorem 4.2. Let X = (X, ] ¡,, ] L) be a normal two-norm space satisfying

(nA where | L is a B'i-norm. Then X is y-reflexive if and only if XÏ * = ]{X)

®A{Xs)±, where A{XJ1  is the anmhilator of AiXj  in  X**.

Proof.   If  Xs  is y-reflexive, then  iAiXj, | |*)* = fix) Si X.  Hence  X* * is

isometrically isomorphic to the third conjugate of A(X ).  Hence by a theorem of Diximier

(see for instance   [4, p. 426]), the projection

zr: X,    — ]{X)

defined by  77(F) = F| ..„.  for  F  in  X** is continuous with norm   1   and kernel

Afo^fo.  Hence  X* * = ]{X) © AÍX J1.

Conversely, since  X     satisfies   inA,  A(X  )  is a closed subspace of  X*.
7 ' s 0 s r I

Therefore, given  /  £ A{X   )*, by the Hahn-Banach theorem there exists   F £ X* *

with the same norm as that of / and such that   F\a(y   \ = /•  Hence there exist

x £ X and g £ AÍX  )     such that  F = fix) + g.  Now for any ¿;  in A(X  )  we have

Ffo) = /fo)fo), that is, /fo) = /(*)(£).   Thus  / EE /fo)  on  A(Xs)  so  that we may

conclude AiX  )* C ]{X). Since the other inclusion is obvious, we have A(X  )* =

]iX), that is   X     is y-reflexive.

5.0 Direct sum of ß-spaces.  We now consider ß-spaces  X  which arise as a

countable direct sum of other ß-spaces   (X  ).   In our case the structure of  X  andr 77

its norm will be determined by an underlying space   ß, a  BK space.  Many sequence

spaces may be considered as examples of such spaces.  Several such spaces have

also been used as counterexample spaces by many authors.

The spaces  X     may be considered as imbedded in  X, hence treated as sub-
r n '

spaces of  X.   In general, they do not form a decomposition of  X  for norm conver-

gence.  Nevertheless, each  x  in   X   shall correspond to a unique sequence   \x   \,

x    eX.  Also  SX   ¡ will form a 'generalized decomposition' of X  in the sense
n n n b r

Ufe P£(x*>  shall be X-total in  X*, where   P¿. X —> Xfe.  We shall see that a natural

two-norm space   X    may be defined as before and the usual arguments of two-norm
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spaces in Schauder decompositions adapted to spaces of this kind.

As an example, consider the space  (ttz).  Here each X    = R and the space   B

is  (tz?)  itself.  The vectors  (e )  form a generalized basis of (z?z).  A natural exten-

sion of the definition of boundedly complete bases shows that  (e  )  is boundedly

complete for (m).  Note also that the associated two-norm space  (7z?  )  is y-com-

plete.  We shall observe later that this is a special case of the analogue of [10,

Theorem 3-6].

We begin with

Definition 5.1.   A  BK space ÍB, | |„)  is a Banach space of real sequences

such that   \\a   ¡I     > 2,    \a   |/(2"(l + \a   \)) for elements   \a   i  in  B.  The space  B
' T2    ' D   — T2    '      T2 ' 'T21 T2 r

is called normal if for any two sequences   \a   \ and  \b   \,   \a   I < \b   I   and  \b   \ £ B
J * tz n n   —     n 72

=> \a   \ £ B.  We say  B  is ordered if for any two elements  \a   \, \b   i  in  B  with

\«„\ < \bf, we have   \\a J|ß < \\b J|ß.

The above definition is equivalent to the usual definition of a  BK space

since it implies (and is implied by) the fact that the coordinate functionals are

continuous.

All  BK spaces  ß  considered in this paper are assumed to have the following

properties:

(1) B  is ordered and normal,

(2) B  contains the unit vectors  \e    = \8     . \ i and   le   I „ = 1   for all  ra, and
72 72,7 n'o

(3) it a -\a   i e B, then   Ifll „ = sup   i | \a . I t .  I „ i where  e .   =1   for  j < n , =
n '      B rn    ' '    j      ;tz'B 772 '  —

0 for  /' > ra.

This last postulate has the advantage of making   | |„   "monotone".  In most

cases of interest, the natural norm on the   BK space is either equal or equivalent

to a norm introduced in the above manner.

Delinition 5.2.   Let ÍX  , I |   ),  n = 1, 2, • ■ ■ , be a sequence of B-spaces and
n    ' 'n ' ' r

ÍB, I |„) a  BK space.  By the direct sum with respect to B  of ÍX  ), we shall

mean the set of all those sequences x = \x   \ with x    e X    and such that ílx   I   i
* T2 72 72 '      72 ' T2

e B.  This set will be denoted by B-2    X   , and when there is no cause for confu-J 72      72' ' '

sion about the underlying space  B, merely by  X    X  .

Theorem 5.3.   Let X = B-S    X    and for x = \x   i e X, define  ||x|| = |!|x   |   S|D.
n      n ' n ' "    "        '    '    tz ' 72    ' B

Then ÍX, || ||)   is a B-space.

Proof.  We need only show that  (X, || ||)  is complete.  Let  \x   i be a Cauchy

sequence in  X where  x    = jxl 7 'i °° ,. Then given e > 0,   3 Nie)  such that  n, m > N
* n n        7=1 °

implies

||x    -x   || =sup|¡|x°')-x(')|.f.Jln <<•
11   n 712" r '   '   tz m   'j   jp''u

P

Since  B  is ordered, for n, m > N and any  ;',



322 P. K. SUBRAMANIAN AND S. ROTHMAN

Ix*''5 - x(í)\ . = \\\x(k)-x(k)\,8.  .(I
It? m     * i 1*1« *»      i k.      i    h.' '2¿"z3

<\W*(k)
*ÏV««fl<'-

Hence  lx( ' '|  is Cauchy in  X . for each   /', so that x '    —» xfo    e X . uniformly for
77 y 7 77 U 7 y

all  /'. Since   !|x' ' '| . i £ B  fot each  tt and  B  is ordered, it follows that  ! |x  ; '| . i °° ,
1 [    n     ' 7 *    n     ' i    n = l

is Cauchy in   ß  and converges to  ! fofo   |   i-  Since  ß   is complete, Ai)\ £ B

whence  ¡x
0

£ X.   It is routine to show that  x     converges to  \xA   \  and this com-

pletes the proof.

Consider the subspace   Y   C X  consisting of all elements of the form  \x 8     \,
r 72 — 6 n   n,i

8     . being the Kronecker  8.   The map   '     from  X     onto   y    defined by  /  (z) =
77,7° r77 77 77 ' tl

\z8    A, z £ X   , is clearly an isometry.  We shall, therefore, occasionally identify

X    and   y    in the future and consider  X    as a subspace of X.
77 77 77 x

Definition 5.4.   Let X = B-2    X   .   The canonical two-norm space of X  is the77        77 r '

■2".two-norm space  (X, || ¡|, || |L)  where, for x = \x   j £ X,   ||x|L =2    \y

Theorem 5.5.   Lez"  X     be the canonical two-norm space of X = B-2    X  .   Then
s r ' n       77

X     is normal and satisfies  (nA.

Prool.   Let  x
r.

1, 2, • • - .  For each p,

ç in  X     where  x r.i. f=if,i> *.f.f,-€^-. /=

ifoi,^ x if,-i/«>

x     . .e.
77,77     7

x    .i.e.
n.l'i    1

< lim inf I

It follows that   ||£|| < lim inf    ||

(?2  )  is clear since, for any  x  in  X,

showing that  X     is normal.  That  X     satisfies

l*,-ly   <lfol (ß   is ordered) whence   ||x¡L <

An immediate corollary of the above theorem is that the canonical map  /: X

—>A(X )* is an isometry.   In what follows we write  X*  for  (X, || ||)*.  We shall

have no occasion to consider the space   (X,, | |. )* and once again the reader is

asked not to confuse the latter space for  XÏ.

Definition 5.6.   Let X = B-2    X   .   'The sequence (X  )  is said to be boundedly
n      n J v

complete if for any sequence  \x   \, x    £ X  ,  sup   | I ¡x , | , e.   \ I „ < <x  implies
r !   ' J l n n n r n '    '    7 ' 7     777    ' B r

ix   ( e X.
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Definition 5.7.   Let X = B-X    X    and let  Z     be the subspace of X  consisting
n      n n r ' °

of sequences whose first  ra  coordinates are zeros.   For f £ X*   let   |/|*     =

supi|/(x)|: x £ Z  , \\x\\ = 1 i.   Then  (X  )  is said to be shrinking for f £ X*   if

lim   l/l*     =0.
72  "      1 ,72

In the special case when  ÍY )  forms a Schauder decomposition of  X, the

above definitions reduce to the usual definitions of boundedly completeness and

the shrinking property.  We also note that under this definition the unit vectors

form a generalized boundedly complete basis for (m) and are shrinking for every

element in  /.  This is a special case of the following

Theorem 5.8.   Let X - B-X    X  .   Then the sequence  (X  )  is boundedly com-
n      n Â n J

plete if and only if X     is y-complete.  Further (X  )  is shrinking for f £ X*  if and

only if f £AÍXs).

The proof is similar to those of [10, Theorems 3.4, 3-6].  We indicate the lines

of the proof of the second assertion leaving that of the first to the reader.

Proof of second assertion.  Given e > 0  and  / £ AÍX ) we can find  S > 0

such that   ||x|| < 1  and   ||x||2 < 8 imply   |/(x)| <£.  Choose  N > 0  such that  n > N

implies  X>n 2~' < 8.  Then for rf = [£.!  in  Z^  with   ||£|| = 1   we have   ||£||2 < <5

so that   |/(|)| < e.   This shows   |/|*     < <  for  ra > N.

For the other part, we identify x     .  eX. with  \x     .8.    i      ,   in   Y.,   /'= 1, 2,
r '       72,; ; 72,;     z,/>   /7=t i     '

■ • • .  Let / £ X*, x    —» 0 (y)  in  X     and suppose   ||x   || < 1.   Find  N > 0  such that

l/l* m < f/2,  « > 0  being arbitrary.  There exists   M  such that   [fix     A\ < e/2N

whenever n > M  and   1 < j' < N.  Clearly for ra > M we have

l/M < Z fkj
7=1

/k-I
7 = 1

<"-»*i

showing that / is y-linear.   This completes the proof.

For x = \x   i  £ X, the map S : X —> X  defined by S ix) = \x e .   \ is clearly
tz rT2 J      n j   jn z

continuous.  Hence the projection operator  P : X —*Y,P ix) = |x.S.    i is also
r     ' r n 72       72 11, n

continuous.   Since    P*(X¥) C   A(X  )    trivially   and    A(X  )    is   closed,
TZ      i    — s z s

©sr=i pî(xî) -A(-xsL °n the ocherhand for any /in Ai'xs)' I/I* T2 ̂° by

the last theorem so that   \f - X Pï(/)|* —» 0  as  ra —» o».   From these consid-

erations we get

Theorem 5.9.   Let X = B-X    X  ,  X     its canonical two-norm space.  Then72 TZ' S r

¡P|(X*)S  is a Schauder decomposition of AÍX  ).

6.0 The y-eompletion of X  ,  X = B-X    X   .  As in the case of B-spaces with
' ' s n      n r

Schauder decompositions, the y-completion of the canonical two-norm space  X

where  X = B-X    X    may be constructed.  One easily verifies that in this case
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the space  C(X) may be identified with the space  B-2    X    of all sequences   \x   \,

x    £ X   , such that

.V(lxf|J)-8UPt|l|x.|.€.|Il|Bl
n

is finite.  The norm in the B-space  C(X)  is  zV( ).   It is also possible to describe

the space  C(X)  in a different way.

The F-space  fo, | |   )  of all scalar sequences with the Frechet metric   | |

has the unit vectors  je, S for a basis.  Since  B  is dense in  s,  (ß, | |   )* is the

linear span  kj.  It is clear that  Bs = (ß, | |ß, | \) is normal  (| |     being 'mono-

tone') so that AiB  ) is the closure of [e ] in  (ß, | |J* [2, p. 277].  Hence  \e   \
S n .   '   *D * 77

is a basis for AÍB  )  and a weak-* basis for A{B  )*.  It is easily verified that
s s '

A(ß  )* is an ordered, normal  BK space consisting of scalar sequences  \a, \ with

|fo.i| 0 = sup   \\a,c,   ¡„i finite.   But this is precisely the space   CÍB) so that

CÍB) = AÍB  )*, I L   being its norm.  We now have

Theorem 6.1.  B-2'  X   = C(ß)-2   X .
n       n n      n

Proof.  We need only show that the set on the right is contained in the one

on the left.  The normality of  B     shows that the canonical map B —► A{B  )* =

C(ß)  is an isometry.   Let   ||| |||  denote the norm in  C(ß)-2    X    and suppose  \x,\

is an element of it.  Then,

showing that  \x ,\ £ B-2    X    and completing the proof.

7.0 The a-duals.  Given the space  X = B-2    X   , we shall call the canonical
r 77 77

two-norm space of the space A(X ) as the a-dual of X    and denote it by  a-X  .

Higher a-duals are defined by induction.  We note that  a  -X     coincides with the

¿-dual (see §1) of  a-X  .   In the special case when  (Y ) forms a Schauder decom-

position of X, the a-duals of  X     are identical with its ze-duals.

It was shown in §6 that for any  BK space  B,  A(B  ) has the unit vectors

\e, i for a basis.  Thus one may define the a-duals of  B     (called  T(B  ), T (B  )
R, J S S S

etc., in [6]). It was shown in [6] that in general a -B   is isometrically imbedded in B   and

that this isometry is onto B    if and only if ß has \eA for a basis.

We shall show here that these results may be extended to our present setting.

For  X = B-2    X   , we call  X     "a-reflexive"   if  a  -X     is isometrically isomor-
72      77' s ' s '

phic to  X    under the canonical map.  We begin by showing

Theorem 7.1.   Let X = B-2    X  .   Then, if X .  is reflexive for each  i,  ]~   :
77 77 I

a-X    —►    X  , where   I  denotes the canonical map from  X     into A(X )*.
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Proof.   Let  \AÍXfk, p   \ be the Schauder decomposition of AÍX f, |A(X^)*, p*\

the Schauder decomposition of  A(a-X  )  in the norm topology of AÍX  )*.  By the

reflexivity of X . for each  /,  it follows that

A(a-X■Au ¿(*s) * U/(y7;

Since  /   is an isometry from  X  into A(X  )*, /    lA(a-X  ) = [|J   Y.] C X, the clo-
S S Z       J

sure in  [ ] being with respect to the norm in  X.  This completes the proof.

Theorem 7.2.   Let X — B-X    X  .  If B     is a-reflexive then (X  )  is a Schauder
72 72 ' S ' T2

decomposition of X  in the sense that X = © X    Y .   Further if B     is a-reflexive,
r ' n     n '        s '

X . is reflexive for each j if and only if X     is a-reflexive.

Proof.  Let x

Ix-X

£ X, x    £ X  .  Let y    = Sx .8 .    \
n n J n 1    1 ,n

We shall show that

•    y-\ 0.  Indeed,

I>7
is.n

sup ' z
j=n+ 1

x.  .e.1  7'7   ;

x.  .e.'   VI   )

since by the a-reflexivity of  B   , \e . \ is a basis for  B  and  |x   i e X =» j |x  |   i e
z J s j n n tz

B  => X  |x  |   e    converges in  B.
72'     72   72    72 °

To show the other part, observe that  [Y i is a Schauder decomposition of X

implies that a-reflexivity coincides with ze-reflexivity.  An application of [10,

Theorem 4.7] completes the proof.

The following theorem characterizes the a-reflexivity of  X   .

Theorem 7.3.   Let X = B-X    X  .   Then  X     is a-reflexive if and only if (X )
72 72 S ' ' '       ' ft

forms a Schauder decomposition of X and X     is reflexive for each n.

Proof.   If X     is a-reflexive, J(X) = AÍa-X  ). Since  A(a-X  )  has a Schauder

decomposition  lA(X f*, p*k ¡, it follows that A(X _.)* = p*(/(X))  and  \p*ijiX)), p*\

forms a Schauder decomposition for J(X).  But for any  k,  p*ÍJÍX)) = JÍYf.   For, if

Ixf £ X,

?*(/(x))/=/(x)/zfe(/) = /fe(x) = /fe(yfe)

so that  p*kijix)) = Jiyk), yk = \x.8k . i, whence  p*ifiX)) Ç JÍY^. Since  p\ijiy,))

- jiy A, the other inclusion is clear and our assertion is proved.   It follows then

that A(X  )* = JÍY.) for every  k, whence   Y,   is reflexive for every  ze, and J(X) =

© lk jiYf, that is, X = @2kYk.
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The converse follows from [10, Theorem 4.7] and the fact that if X = © 2, Y,,
k   Ze

then   a-reflexivity coincides with /e-reflexivity.   This completes the proof.

Corollary 7.4.   Let X = B-2    X   .  If X     is y-complete and a-reflexive, then

X     is y-reflexive.

Let us remark that the converse to the above corollary is false. One may take

X = (ttz). Here m is y-reflexive but not a-reflexive. However, we have the follow-

ing theorem.

Theorem 7.5 (cf. [8]).   Let X = B-2    X   .   The following are equivalent:

(1) X  is reflexive.

(2) X     is a-reflexive, (X )  is boundedly complete and (X )  is shrinking for

(x, HID*.*
(3) X     is reflexive ¡or each n,  (X  )  is boundedly complete and (X )  is

n ' ' 72 J n

shrinking for (X, || ||).

Proof.  X  is reflexive if and only if X     is y-reflexive and saturated 12,

Theorem 3-7].  Recall that  Xs  is saturated if AÍX  ) = (X, || ¡|)*.  The equivalence

of (1) and (3) now follows from Theorem 6.4 and Theorem 5.8.  That (2) implies

(1) is clear since  X = ©2    X     in this case, a-reflexivity is identical with k-

reflexivity and the conclusion follows from [8, Theorem 2].   It remains to show that

(1) implies (2).

The reflexivity of X  immediately implies the reflexivity of   y , hence that of

X   , for each  n.  As observed before,  X     is y-reflexive and saturated so that  (X  )
n' 'S' n

is boundedly complete and (X  )  is shrinking for (X, || ||)*.  To complete the proof,

we must show that X     is  a-reflexive. Since  X  is reflexive, X     is reflexive for
S 77

each 72  and AÍXJ = (X, || ||)*, we have

J{X)={X,  || \\r = A{X f=Z* p*k{A{X/) = £* ]{Yk)
k k

where  2    denotes convergence in the weak-* topology of (X, || ||)**.  This means

that  (y.)  is a weak Schauder decomposition, and hence [7,   1.20] a Schauder de-

composition of  X  in the norm topology.   Hence  X     is a-reflexive by Theorem 7.3

completing the proof.

Corollary 7.6.   // X = B-2    X   , where (X  )  does not form a Schauder decom-
J ' 77 72 77 '

position of X, then X  is not norm-reflexive.  In particular, for any sequence (X )

of B-spaces, ttz-2    X     is not reflexive.
1 r ' 72 77 '

8.0 Use as counterexamples. We conclude this paper with a remark on the use-

fulness of the spaces X = B-2 X as counterexamples. Dayfo) gives examples of

reflexive B-spaces not isomorphic to uniformly convex spaces.  Here one takes  B =

A)  Bull. Amer. Math. Soc. 47 (1941), 313-317.
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lp, 1 < p < «s, and the spaces  X     are finite dimensional spaces.  If we take  B = /

and X    = c„  for each ra  (all over  R), we obtain [lO, Remark after Theorem 5.3] an

example of a B-space with a boundedly complete Schauder decomposition but not

isometrically isomorphic to a dual space (cf. [8]).  Incidentally, this example also

illustrates Theorem 7.2 since   /    is known to be a-reflexive.   If one takes  B = /

and  X    = m for each  ra, one obtains an example of a nonseparable B-space with a

Schauder decomposition.  Finally, by taking  B = ?zz,  X    = c„  for each  72, one obtains

[6, p. II3] an example of a B-space with a countable determing set (that is a count-

able set D = \fJC\f: |/|* < 1} such that   ||x|| = sup \ \fix)\: f £ D\,   \\ ||   and   | |*

being the norms in the space and its conjugate respectively) which is neither sep-

arable nor the dual of a separable space.  For other counterexamples concerning

two-norm spaces, the reader is referred to [6].
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